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^ Abstract. The aim of this paper is to study the long-term behaviour of a class of self- interacting dif- 

. fusion processes on R''. These are solutions to SDEs with a drift term depending on the actual position 

of the process and its normalized occupation measure fit ■ These processes have so far been studied 
on compact spaces by Benaim, Ledoux and Raimond, using stochastic approximation methods. We 
extend these methods to K , assuming a confinement potential satisfying some conditions. These 
hypotheses on the confinement potential are required since in general the process can be transient, 
and is thus very difficult to analyze. Finally, we illustrate our study with an example on E^. 

■ 1. Introduction 
^ ■ 

4-J . This paper addresses the long-term behavior of a class of 'self-interacting diffusion' processes 
{Xt,t > 0) on non-compact spaces. These processes are time-continuous, non-Markov and live on 
W^. They are solutions to a kind of diffusion SDEs, whose drift term depends on the whole past of 
the path through the occupation measure of the process. Due to their non-Markovianity, they often 

■ exhibit an interesting ergodic behavior. 

^ ■ 1.1. Previous results on self-interacting diffusions. Time-continuous self-interacting processes, 

psj . also named 'reinforced processes', have already been studied in many contexts. Under the name of 

'vh I 'Brownian polymers', Durrett & Rogers [9] first introduced them as a possible mathematical model 

■ for the evolution of a growing polymer. They are solutions of SDEs of the form 

o 
l> 
o 



dXt = dBt + dt [ dsfiXt - X, 
Jo 



^ where {Bt;t > 0) is a standard Brownian motion on and / is a given function. As the process 
^ {Xt;t > 0) evolves in an environment changing with its past trajectory, this SDE defines a self- 
interacting diffusion, either self-repelling or self-attracting, depending on /. 

Another modelisation, with dependence on the (convoled) normalized occupation measure {nt,t > 
0), has also been considered since the work of Benaim, Ledoux Sz Raimond [4]. They introduced a 
process living in a compact smooth connected Riemannian manifold M without boundary: 

N 

(1.1) dXt = V F,{Xt) o dBl - / V.W{Xt, y)/x4(dy)di, 

where 1^ is a (smooth) interaction potential, {B^,--- ,B^) is a standard Brownian motion on 
and the symbol o stands for the Stratonovich stochastic integration. The family of smooth vector 
fields (Fj)i<i<iv comes from the Hormander 'sum of squares' decomposition of the Laplace-Beltrami 
operator A = '}2d=i ■ The normalized occupation measure nt is defined by: 



(1.2) ^,:=^^+^p..d. 
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where ^ is an initial probability measure and r is a positive weight. In the compact-space case, 
they showed that the asymptotic behavior of fit can be related to the analysis of some deterministic 
dynamical flow defined on the space of the Borel probability measures. They went further in this 
study in [5] and gave sufficient conditions for the a.s. convergence of the normalized occupation 
measure. When the interaction is symmetric, fit converges a.s. to a local minimum of a nonlinear free 
energy functional (each local minimum having a positive probability to be chosen). All these results 
are summarized in a recent survey of Pemantle [17J . 

The present paper follows the same lead and extends the results of Benaim, Ledoux & Raimond 
[4] in the non-compact setting. We present all results in the Euclidean space M'^ for the sake of 
simplicity, but, they can be extended to the case of a complete connected Riemannian manifold M 
without boundary with no further difficulty than the use of notations and a bit of geometry. The 
point is to involve the Ricci curvature in the conditions and work on the space M\cut(o), where 
cut(o) is the cut locus of o (which has zero-mean). 

1.2. Statement of the problem. Here we set the main definitions: let us consider a confinement 
potential F : M"^ ^ M_|_ and an interaction potential : M*^ x M"^ ^ M+. For any bounded Borel 
measure fi, we consider the 'convoled' function 

(1.3) W * fi-.M"^ ^M,W * fiix) := [ W {x , y) fi{dy) . 

Our main object of interest is the self-interacting diffusion solution to 

r dXt = dBt-{\/v{Xt) + vw*iitiXt))dt 

(1-4) <^ df,t = {6x,-f^t)^t 

[ Xq = X, fXQ= fX 

where {Bt) is a d-dimensional Brownian motion. Our goal is to study the long-term behavior of 
{Utit > 0). Let us recall that the main difference with the previous work [3] is that the state space is 
and hence is not compact anymore. However, we will be able to extend the results obtain in the 
compact case: the behavior of fit is closely related to the behavior of a deterministic flow. We will 
also give some sufficient conditions on the interaction potential in order to prove ergodic results for 
the process {Xt,t > 0). 

Before stating the theorems proved in this paper, let us briefly describe the main results obtained so 
far on self-interacting diffusions in non-compact spaces. They concern the model of Durrett & Rogers, 
and can be classified in three categories. The first one is when / is real, compactly supported and its 
sign is constant. Cranston & Mountford [7j have solved a (partially proved) conjecture of Durrett & 
Rogers and shown that Xt/t converges a.s. The second one deals with attracting interaction on M (i.e. 
xf{x) < for all x G M) studied in the constant case by Cranston & Le Jan [6] and its generalization by 
Raimond [1^ in the d-dimensional "constant" case f{x) = — aa;/||x||, or by Herrmann & Roynette [10] 
for a local interaction. Under some conditions, it is proved that Xt converges a.s., whereas for a non- 
local interaction, it does not in general (but the paths are a.s. bounded for f{x) = — sign(a;)]l|a.|>a). 
The third one concerns a non-integrable repulsive / on R (i.e. xf{x) > for all x € M) studied by 
Mountford Sz Tarres [16J and solving a conjecture of Durrett &: Rogers. They have proved that for 
f{x) = x/{l + |x|-'^+^), with < /3 < 1, there exists a positive c such that with probability 1/2, the 
symmetric process t^'^^^^^^^Xt converges to c. 

These previous works have in common that the drift may overcome the noise, so that the random- 
ness of the process is "controlled". To illustrate that, let us mention, for the same model of Durrett 
& Rogers, the case of a repulsive function / of compact support, also conjectured in which is still 
unsolved. 

Conjecture 1. [9] Suppose that f : M ^ M is an odd function, of compact support. Then Xt/t 
converges a.s. to 0. 
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Coming back to our process of interest, the role of the confinement potential is to similarly "control" 
the drift term of the diffusion. Indeed, for the process (|1.4p with V = 0, the interaction potential is 
in general not strong enough for the process to be recurrent, and the behavior is then very difficult to 
analyze. In particular, it is hard to predict the relative importance of the drift term (in competition 
against the Brownian motion) in the evolution. 

1.2.1. Technical assumptions on the potentials. In the sequel, (•, •) stands for the Euclidian scalar 
product. We denote by (H) the following hypotheses: 

i) {regularity and positivity) V G C^{W^) and W G C^iW^ x W^) and > 1, W> 0; 

ii) [convexity) V is a strictly uniformly convex function: there exists K > ^ such that for all 
x,eGM'^: (W(x)e,0 >i^ieP; 

iii) {growth) there exist c, C > 0, 5 > 1 such that for all x large enough, {W {x),x) > clxp"^ and 
for all x,y eW^ 

(1.5) \VV{x) - VV{y)\ < C{\x - y\ A l){V{x) + V{y)y, 

iv) (domination) there exists k> 1 such that for all x,y G M'^, 

(1.6) W{x, y) + \\/,W{x, y)\ + \Vl,W{x, y)\ < {V{x) + V{y)) ; 

v) (curvature) there exist a > —1, M G M such that for all x,y, ^ G 

(1.7) ^^;J^w(x)f^ " " ^^^'^^"^^ + ^) - 

Remark 1.1. 1) The most important conditions are the domination iv) and the curvature v). 

2) The growth condition hl.^) on V ensures that there exists a > such that for all x G , we have 

(1.8) ^V(x) < aV(x). 

3) The positivity and domination conditions M.0\) on the interaction potential are not so hard to 
he satisfied, since the self-interacting process will he invariant hy the gauge transform W(x., y) <^ 
W(x.,y) + (t)(y) for any function cj) that does not grow faster than V . 

1.2.2. Results. We can now describe the behavior of /it. 
Theorem 1.2. Suppose (H). 

1) ^x,r,fi-(''.s., the uj-limit set of (fJ.t,t > 0) is weakly compact, invariant hy ^ and admits no other 
(suh-)attractor than itself. 

2) If W is symmetric, then, P^.r.^-fl-S-; the uj-limit set of (^t,t > 0) is a connected suhset of set of 
fixed points of the prohahility measure proportional to e~'^^^^^*^^^^^dx. 

Even if the model studied could at a first glance seem restrictive (because of V), the drift term can 
really compete against the Brownian motion, as shown by the following: 

Theorem 1.3. Consider the self-interacting diffusion on M?, with V(x) = V(\x\) and W(x,y) = 
{x,Ry). Let 'j(p) := e~'^'^^P^ /Z. Then one of the following holds: 

(1) IfV is such that dp'j(p)p'^ cos(9) > —1, then a.s. pt ^ 7; 

(2) Else, we get two different cases: 

a) if 6 = TT then there exists a random measure poo such that a.s. pt ^ Poo, 

^) if ^ 7^ then the u-limit set io(pt,t > 0) = {z^(5),0 < 5 < 27r} a.s., that is pt circles 
around. 
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I. 3. Outline of contents. As mentioned earlier, the main difficulty here stems from the non- 
compactness of the state space. The way to get around it is first to introduce the l/-norm in Section 
2 (also named 'dual weighted norm') and then show that {fJ-t,t > 0) is a tight family of measures 
in §6.1. Second, the dynamical system involved in the study induces only a local semiflow and not 
necessarily a global one. But, we will show in §4.2 (for some cases), that the semiflow does not ex- 
plode. Last, define the Feller diffusion obtained by fixing the occupation measure fit (appearing 
in the drift term) to Let note its infinitesimal generator and its fundamental kernel, that 
is o = — Id, where n(/i) is the invariant probability measure of X^. An essential point 
of our study consists in finding an upper bound for the operator Q^. Indeed, one has to use here the 
notion of (uniform) ultracontractivity in §5.1. 

The organization of this paper is as follows. In the next section, we introduce some notations and 
the deterministic flow involved. We will also prove the existence and uniqueness of the random process 
studied. Section 3 is devoted to the presentation of the main results and is divided in three parts. 
First, we recall the former results and ideas of Benaim and al [4]. Then, we state the tightness of 
{lJ-t)t and introduce the uniform estimates on the Feller semigroup. We end this section by describing 
the behavior of fit- After that, we analyze, in Section 4, the deterministic semiflow associated to 
the self-interacting diffusion. We will prove the local existence of the semiflow and introduce two 
important objects: the convex hull of Im(n) and the fixed points of H. Then, in Section 5, we study 
in details the family of Markov semigroups, corresponding to X^, for which we prove the uniform 
ultracontractivity property and the regularity of the operators and Q^. The proofs of the main 
results are in Section 6, which heavily relies on the spectral analysis of the preceding section. We 
begin Section 6 by showing the tightness of {fit)t in §6.1. Then, §6.2 deals with the approximation of 
the normalized occupation measure {fJ,t,t > 0) by a deterministic semiflow. In §6.3, we prove Theorem 

II. 2[ Finally, Section 7 is devoted to the illustration in dimension d = 2 stated in Theorem 11.31 



2. Preliminaries and Tools 

2.1. Some useful measure spaces. We denote by A4(]R^) the space of signed (bounded) Borel 
measures on and by V{M.'^) its subspace of probability measures. We will need the following 
measure space: 

(2.1) M{M'';V) := {fi e MiR"); [ V{yM{dy) < 

where \iJ,\ is the variation of fj, (that is |/x| := ^+ -|- with {fj,'^,fi^) the Hahn- Jordan decomposition 
of fi). This space will enable us to always check the integrability of V (and therefore of W and its 
derivatives thanks to the domination condition (|1.6|) ) with respect to the measures to be considered. 
For example it contains the measure 

(2.2) 7(dx) := exp {-2V{x))dx. 

We endow M.{M.'^;V) with the following dual weighted supremum norm (or dual F-norm) defined by 



(2.3) Wl^Wv '■= sup 



ifdn 



/X e M{R'^;V). 



This norm naturally arises in the approach to ergodic results for time-continuous Markov processes 
of Meyn & Tweedie p]. It makes M{R'^; V) a Banach space. To illustrate the need of this space, we 
state an easy result that will be used many times: 



Lemma 2.1. For any /i G A4{M.'^] V) the function W * iJ, belongs to C^(R"') and we have the estimate 

\W*fi{x)\ < 2k\\h\\vV{x). 
Proof. Straightforward thanks to the domination condition (|1.6I) . □ 
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In the following, we will consider probability measures only. Thus we set, V{R'^; V) := V) n 

^). The strong topology on V{W^;V) is the trace topology of the one defined on A4(\R.'^;V). It 
makes V{R.'^; V) a complete metric space (for the norm distance). Finally, for any /3 > 1, we introduce 
the subspace 

(2.4) P^(M^; V) := {/x G P(M'^); / V{y)f,{dy) < /?}. 



2.2. The family of semigroups {P{^). In all the following, {^l,T,{Tt)t,^) will be a filtered prob- 
ability space satisfying the usual conditions. For any Borel probability measure // G V(M.'^;V), let 
(Xf ,t > 0) be the Feller diffusion defined by the following SDE 



(2.5) 



dxf = dBt - (vy(xf ) + VW * /i(Xf )) dt, 



= X. 



Proposition 2.2. The diffusion a.s. never explodes. 

Proof. It is enough to check with the Ito formula that the function 

(2.6) £^{x):=V{x) + W *^:L{x). 

is a Lyapunov function. To see it, we notice that the growth and domination conditions (II. 5|) and 
(|1.6p on the potentials imply the existence D > Q such that: 



(2.7) A£'^(x) < 2DV{x) < 2D£^{x). 
As a by-product we get the naive (but useful!) estimate 

(2.8) ^£Mt) < We""'. 

□ 

Now we denote by (P/"; t > 0) the Markov semigroup associated to Xf^ . We consider the differential 
operator defined on C°°(R'^) by 

(2.9) A^f := lAf-{\/V + \/W*fi,\/f) 

Afj_ corresponds to the infinitesimal generator of the true diffusion (12. 5p . We emphasize that {X^ ) 
is a positive-recurrent (reversible) diffusion and denote by n(/[/) G 'P(M'^; V) its unique invariant 
probability measure: 

g-2VF*At(x) 

(2.10) n(^)(dx) := ^^^^ 7(dx) 

where Z{fi) := J^^ e~'^^*f^^^^j{dx) < +oo is the normalization constant. To end this part, we recall 
the classical ergodic theorem for Xj^. We introduce the weighted supremum norm (or y-norm) 

(2.11) ||/||y:= supi^, 

xGK'* 1/ {X) 

and the space of continuous F-bounded functions 

(2.12) C°(M'^; V) := {/ G C°(R'^) : \\f\\v < oo} 

Similarly let CP{M.'^;V) := CP{R'^) n C^{R'^;V) for all integer p > I. The ergodic theorem says that 
a.s. we have, for all / G C°(M'^; V): 

(2.13) hm f f{X^)ds = n(/i)/. 

t^oo 1 + t Jq 



ALINE KURTZMANN 



2.3. The infinite-dimensional ODE. We introduce a dynamical system on the set of probability 
measures 'P{R'^;V). We will assume the existence of the semiflow $ : R+ x V(M'^;V) 'P{R'^;V) 
defined by 

Remark 2.3. In Section 4, we will prove the local existence of the semiflow, and, for W symmetric 
or bounded, we will prove it never explodes. 

In order to study the semiflow <I>, we will need to endow the space V{W^; V) with different topologies. 
When nothing else is stated, we will consider that it is endowed with the strong topology defined by 
the dual weighted supremum norm || • \ \v- But, as the reader will notice, we will frequently need to 
switch from the strong topology to the weak topology of convergence of measures. We adopt here 
a non-standard definition compatible with possibly unbounded functions (yet dominated by V): for 
any sequence of probability measures {fJ-n,ri > 1) and any probability measure fj, (all belonging to 
^'^;V)), we define the weak convergence as: 



(2.15) /i„ ^ ;u if and only if / 99d/x„ — > / ipdfi, ^if e C°{R'^;V). 

We point out that our definition of the weak convergence is stronger than the usual one. We recall 
that 7^(M'^; V), equipped with the weak topology, is a metrizable space. Since C^(R'^; V) is separable, 
we exhibit a sequence ifk)k dense in {/ G C°(M'^; V)/\\f\\v < 1}, and set for all fi,u G P(M'^; V): 

oo 

(2.16) d{^i,u)■.= Y,'i~'^Hfk)-Hfk)\. 

k=l 

Then the weak topology is the metric topology generated by d. 

2.4. The self-interacting diff'usion. We recall the self-interacting diffusion considered here: 

dXt = dBt - {vv{Xt) + vw * ^ltiXt)) dt 

, dt 
' r+t 



dfit = (Sxt -l^t)^t 



Xq = X, flQ = fl 



Proposition 2.4. For any x G M , /U G ^(M ; V) and r > 0, there exists a unique global strong 
solution {Xt,fJ,t,t ^ 0). 



Proof. First, we point out that, for all t > such that {Xg, s < t) is defined, /it G ^(R ; V). In order 
to show that the solution never explodes, we use again the Lyapunov functional (x,//) i— £"^(2;) (see 
(|2.6p ). As the process {t, x) ^ 8^^ (x) is of class (in the space variable) and is a C^-semi-martingale 
(in the time variable), the generalized Ito formula (or Ito-Ventzell formula, see [l2j), applied to 
{t,x) I— > £^t{x) implies 



r + s 



Jo Jo 

+ 11 A£,,^{Xs)ds+ [ {WiXs,Xs)-W*fis{Xs 
^ Jo Jo 

Let us introduce the sequence of stopping times 

Tn:=m{{t>0;£^^{Xt)+ [ |V^^^(X,)p ds > n}. 

Jo 

We note that f^^^" {V£fj_^{Xs),dBs) is a true martingale. Again equation (|2.6p implies 

E£^,,^JXt;,rJ < £^.{X)+D f E£^^,^JXs;,rJds. 

Jo 
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Therefore Gronwall's lemma leads to the same kind of estimate as for X^^: 

As lim V{x) = oo, the process [Xt,t > 0) does not explode in a finite time and the SDE (II. 4p 
admits a global strong solution. □ 

3. Main results 

3.1. Former tools and general idea. We recall how Benaim, Ledoux & Raimond handled in [4] 
the asymptotic behavior of fit in a compact space. Indeed, we sketch here the general idea of the 
study and explain why the tools introduced in the preliminary Section arise quite naturally. 

Begin to consider that the occupation measure appearing in the drift is 'frozen' to some fixed 
measure fi. We obtain the Feller diffusion X^. For this diffusion, it is easy to prove the existence of 
a spectral gap, and that the semigroup {Pj^;t > 0) is exponentially F-uniformly ergodic: 

(3.1) \\Ptf - n(//)/||y < KiMfWve''^'^^', f G C^M''; V). 

To get, as by-product, the almost sure convergence of the empirical occupation measure of the process 
X^ (see (|2.13l) ). a standard technique is to consider the operator (sometimes called the 'fundamental 
kernel' as in Kontoyiannis k Meyn [H]) for any / G C~(R'^; V) 

/•oo 

(3.2) Q^f:= / (Pf/-n(^)/)dt 







Then it is enough to apply the Ito formula to Qf^f{X^) and divide both members by t to get the 
desired result. Indeed one has 

Q^/(xn = Q^fix) + f {VQ^f{X^),dBs) + f A^Q^f{X^)ds. 
Jo Jo 

Some easy bounds on the semigroup {Pf') are enough to prove that almost all terms are negligible 
compared to t and it remains to recognize the third term since A^Q^f = n(/i)/ — /. 

Now when fit changes in time, we still can write a convenient extended form of the Ito formula 
(which let appear the time derivative of Q^tf{x)) but we need to improve the remainder of the 
argument. Intuitively, the distance between the time-derivative of ^ind the term n(^eO ~ A'e' 
converges to zero a.s. As for stochastic approximation processes, one expects the trajectories of 
to approximate the trajectories of a deterministic semiflow, meaning that the empirical measure fXt 
is an asymptotic pseudotrajectory for the semiflow $ induced by n(/i) — /i. This very last remark 
conveyed to Benaim & a/ |3] the idea of comparing the asymptotic evolution of (/xt;t > 0) with the 
semiflow ($j(^)). 

The notion of asymptotic pseudotrajectory was first introduced in Benaim & Hirsch It is partic- 
ularly useful to analyze the long-term behavior of stochastic processes, considered as approximations 
of solutions of ordinary differential equation (the "ODE method"). Let us give here some definitions. 

Definition 3.1. i) For every continuous function ^ : M-|- V{W^;V), the uj-limit set of denoted 
by uj{£,t,t > 0), is the set of limits of weak convergent sequences S,{ik),tk T oo, that is 

(3.3) Lo{^t,t>0):=f]W^, 



where ^{[t,oo)) stands for the closure of ^{[t, oo)) according to the weak topology. 

ii) A continuous function ^ : 'P(R°'; F) is an asymptotic pseudotrajectory (or asymptotic 

pseudo-orbit) for the semiflow <I> if for all T > 0, 

(3.4) lim sup d(6+.,^>.(6)) = 0. 

t^+oo o<s<r 
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The purpose here is to find an asymptotic pseudotrajectory for the semiflow $ defined by (|2.14|) . 

3.2. New tools: tightness and uniform estimates. We will prove that we can find /3 > 1 such 
that /if € 7^/3(M'^; V) Fx,r,tM—&-S- for t large enough. Remark, that this last set is compact for the 
weak topology, and so > 0) is a.s. tight. Then, we have to obtain precise bounds on the family 
of semigroups {Pl',t > 0) where /i E Vp{R'^;V). Obviously, while using the ergodic estimates (|3.1I) . 
we would like to get bounds that are uniform in fi. 

3.2.1. Tightness. The paper of Benaim & a/ [4] crucially relies on the compactness of the manifold 
M where the diffusion lives. This compactness readily implies that the process {fit,t > 0) will very 
fast be close to the 'invariant' probability measure n(/xt). On the contrary, if the state space is 
and V = 0, then X will escape from any compact set. Indeed, the confinement potential V forces 
the process {nt,t > 0) to remain in a (weakly) compact space of measures, for t large, and X is then 
recurrent. We first exhibit a useful weakly compact set, for /3 > 0: 



Proposition 3.2. 'P^(M ; y) is a weakly compact subset of'P(R ,V). 

Proof. It is clear that 7^/3 (M'^; V) is weakly closed. The Prohorov theorem shows that it is enough to 
prove that VpCR^; V) is tight. For every a > and // € VjsCR'^; V), we have 



minV (x) fi {{\x\ > a}) < / V{x)fi{dx) < (3. 

kl>« J\x\>a 



Since V{x) — > oo when \x\ — oo, we see that, for every e > 0, we can choose a large enough such 
that n {{\x\ > a}) <£ uniformly in /i G ^/^(M'^; V). □ 

Proposition 3.3. There exists /5 > 1 such that £ 'P/ii'^'^'-, V) for all t large enough, Fx^r,ti-(i-s. 

The proof is postponed to Section 6. Combined with Proposition 13.21 it implies that the family 
{fJ't,t > 0) is a.s. tight. 

3.2.2. Uniform estimates on the semigroup. A priori, it is not obvious (in a non-compact space), that 
the semigroup (-P/*) admits a (uniform) spectral gap. But this is true here. We will indeed prove a 
stronger result: (P/^) is uniformly ultracontr active, i.e. it is uniformly bounded as an operator from 
L^(n(/i)) to L°°. Section 5 will be devoted to those uniform properties of the family of semigroups 

Proposition 3.4. The family of semigroups {Pj^, i > 0, G Vf3{W^; V)) is uniformly ultracontractive: 
there exists c > independent from ji such that for all 1 > t > and ji G 'P^(M'^; V), we have 

(3.5) WPt'h^oo ■■= sup < exp (ct-^/(^-i) 

/GC°°(R'*;y)\{0} Il/ll2,/i ^ 

Corollary 3.5. The family of measures (e-2^*^(^)7(dx), /i G 7'/3(M'^; F)), satisfi. es a logarithmic 
Sobolev inequality and there exists a uniform spectral gap for the family of measures (n(/i),/i G 
T'f3{R'^;V)). It corresponds to: 3C,Ci,C2 > 0, independent of such thatMf G C^iW^^V): 



/2dn(/i) - (^j /dn(/z)) <Cij |v/pdn(/*). 

Furthermore, Vt > 0, ||P/^(E:^/)||2,^ < e-'l^\\K^f\\2,^. 
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Proof, i) When a semigroup has the ultracontractivity property, then it is hypercontractive. As the 
uniform hypercontractivity is equivalent to the uniform Sobolev logarithmic inequality, we conclude. 

ii) Rothaus [20] has proved that if a measure satisfies a logarithmic Sobolev inequality with constant 
c, then it also satisfies a Poincare inequality with constant 1/c. Moreover, satisfying a Poincare 
inequality is equivalent to the existence of a spectral gap. We easily bound Z{fi) > J e~^''(^+^M7. 

From ii), we find the following estimate on the semigroup {Pl^)t>o (see Bakry pLj): there exists a 
uniform (in /x) constant C > such that for alH > 0, / G C°°(M°'; V), we get 

\\PnK^f)\k^<e-'/^\\K^f\\2,,. 

□ 

3.3. The (j-Iimit set. 

3.3.1. Main results. We will show that the time-changed process ^^(f) (and not nt) is an asymptotic 
pseudotrajectory for where h is the deterministic time-change defined by 

(3.6) /i(t) := r(e* - l)Vt > 0. 

It comes from the normalization of the occupation measure fif The factor {r + t)~^ disappears while 
considering 

^/^h(t) = Ox^^t) - l^h{t)- 

Theorem 3.6. Under ^x,r,^l, the function t fJ-h{t) almost surely an asymptotic pseudotrajectory 
for 

The proof is given in Section 6. This theorem enables us to describe the limit set of (fJ-t)' 

Corollary 3.7. Fx^r,fM-0'-s., <^(/it,t > 0) is weakly compact, invariant by $ and attractor-free. It is 
also contained in the convex hull of the image of II. 

An attractor-free set is a set that contains no (sub-)attractor (other than itself). The exact definition 
will be given later, in Section 6. 

Theorem 3.8. Assume that W is symmetric. Then, Fx^r,^i-<^-S-, the u— limit set of {^J-t,t > 0) is a 
connected subset of the fixed points ofH. 

The proof is given in Section 6. It immediately implies the following 

Corollary 3.9. Suppose that W is symmetric. If H admits only finitely many fixed points, then 
Fx,r,^i-a-s., {fJ-ut > 0) converges to one of them. 

3.3.2. A sufficient condition for the global convergence. For a symmetric W, we introduce the free 
energy (up to a multiplicative constant) corresponding to the ODE studied 

(3.7) np)-= [ logf^V/^+/ W{x,y)fiidx)fiidy). 

This functional is the sum of an entropy and an interacting energy term. The competition between 
them can imply the existence of a unique minimizer for J-' (see [23j). 

Theorem 3.10. Suppose that W is symmetric and for all y £ , the function x i—f V{x) + W{x,y) is 
strictly convex. Then there exists a unique probability measure fioo such that lim /x^ = fx^o Fxr u — d.s. 

t— >oo ' 

Proof. Under our hypothesis, McCann has proved in [14] that has a unique critical point //qo, which 
is a unique global minimum. It is also the unique fixed point of II. So, lim fit = iXoo Fxr a — a.s. □ 

t~*oo ' 
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4. Study of the dynamical system $ 

4.1. Differentiating functions of probability measures. Here we endow the space V{W^;V) 
with a structure of infinite-dimensional differentiable manifold. This structure will be used only for 
differentiating functions defined on V{M.'^;V), which will be needed in the study of the semiflow and 
below in Section 5. 

For any fj. € ■p(M'^; V) we consider the set CP{fi) [p > 1) of (germs of) curves defined on some 
neighborhood of zero (—e,e) with values in 'P{W^;V), passing through n at time zero and that are of 
class CP when they are considered as functions with values in the Banach space A4{M.'^;V). Now we 
say that a function (p : 'P{R'^; V) ^ R is of class CP if for any /x G V{R'^; V) and any curve / e CP{fi) 
the real function (^o/ is of class CP. This will enable to define the differential of such a function (/>. For 
any fj, the tangent space at ^ to 'P{R'^;V) can be identified with the space AiQ{R'^]V) of zero-mass 
measures in A4{R'^;V). The differential is then the linear operator: 

(4.1) Dcj){fi)-ij = ^^^{fi + tu)\t=o, lyeMoiR^'-^V). 

The same definition can apply for functions with values in a Banach space or even in V{R'^;V). As 
an example (to be used!), the maps fi ^ W * fj,{x) (for any point x) and 11 (applying the Lebesgue 
theorem) are C°°. 

4.2. Existence of the semiflow. We first prove the local existence of the semiflow and then give 
sufficient conditions on the potentials for non-explosion. We recall the equation: 

(4.2) <!>t{fi) = e-'fi + e-' [ e^n($,(/i)) ds. 

Jo 

For proving the local existence of a solution, since V{R'^; V) is not a vector space, we will proceed 
directly by approximation. The following lemma is helpful in order to find a good security cylinder. 

Lemma 4.1. For any [3 > 1, the application 11 restricted to Vp{R'^; V) is hounded and Lipschitz. 

Proof. First we need to show that /x i-^ Z{^) is bounded from below. For /i G P^(M'^; V), Lemma [2?T] 
asserts that W * /x(x) < 2kPV{x). So we get: 



Z(/i) = / e-2^*'^(^)7(dx) > / e-^'^^^^'-'hidx) 
and thus we have the following bound for n(|u): 

(4.3) ||n(//)||y < f / e-^''^^(-)7(dx)V / V{xh{dx)=:Cp. 

KJR'i J JR^ 



We know that 11 is C°° on V{R , V) with the strong topology. Its differential (at /i) is the continuous 
linear operator DU{fi) : MoiR'^; V) Mo{R'^; V) defined by 

(4.4) DU{fi) ■ u{dx) := -2 * u{x) - j W * u{y)U{fi){dy)^ U{fi){dx). 

Fix u G Mo(R'^]V). Since \W * i'{x)\ < 2k\\i'\\yV{x), we find that 

||z?n(/x) • z.||y < 4k(i + Cp)Mv [ v\x)n{f,){dx). 

jRd 

But for ^ G Vi3{R'^; V), the same computation used for the bound of n(/x) enables to control the last 
integral, hence we get a bound (call it C^) on the differential and 11 is Lipschitz as stated. □ 

Proposition 4.2. For all fi G V{R'^; V) the ODE has a local solution. This defines a C°° semiflow 
^ for the strong topology. 
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Proof. Let n belong to Vi3{W^;V) where we choose /3 > 2||//||y. We introduce the classic Picard 
approximation scheme: 

r (0) 

We set e small enough such that \\n\\v + (1 — e~^)C'/3 < P and eC'^ < 1 where both constants 

were defined in Lemma \4A\ Then, for all n, /x^"^ is defined and belongs to VfsiW^-jV), which makes 
[0,e) X VfjiM.'^-jV) a good security cylinder. We have, for t < e, 

||^("+^) - /if) Ik < (1 - e-)C;,sup - 4-'^\\y. 

Now the series with general term sup^^^ \ —fj,["'^\\v converges and thus the sequence of functions 

is Cauchy for the topology of uniform convergence. Since V{R'^; V) is complete, we have suc- 
cessfully built a solution on [0,e). There remains to show that the semiflow is smooth. We have seen 

(n) 

that the map 11 is C°° for the strong topology. By induction, every Picard approximation /x i— > /x^ 
is C°° and it is enough to take the limit uniformly in fj. on P/3(M'^; V) to conclude. □ 

Definition 4.3. A subset A of V{M.'^;V) is positively invariant (negatively invariant, invariant) for 
^> provided <^tiA) C A (A C '^tiA), <^tiA) = A) for all t > 0. 

Proposition 4.4. Whenever that W is either symmetric or bounded in the second variable (W (x, y) < 
kV{x) ), then the semiflow <l> does not explode. 

Proof. The case where W{x.,y) is bounded in y is easy. Since we have W{x.,y) < kV{x), mimicking 
the proof of Lemma WA\ enables to show that 11 is globally bounded (call C the upper bound). This 
means that ^t{lj) remains in the space Vc{W^', V), therefore it cannot explode. 

Let us now assume that W is symmetric. We point out that the free energy (13. 7|) is not a Lyapunov 
function for (14.21) because in general the measure <I't(/i) is not absolutely continuous with respect to the 
Lebesgue measure and so, .F(^>j(/u)) = oo. Thus, consider the Lyapunov function £{pi) := T{J1[^)). 
Indeed, T restricted to absolutely continuous probability measures is a C°° function for the strong 
topology (F-norm). We compute (thanks to the symmetry of W) for v G M.q{W^\V) 



du[x). 



(4.5) DJ'{pl)-u= j log ( ^(x) ) +2PF*/i(x 

But we recall that 11 is and equation (14. 4p . So, since by composition D£{^) ■ v = DTiJii^ii)) o 
Z)n(;u) • z^, we obtain 

Be{y.) ■v = -^l {w * n(/i) -w*n)(w*u- [ w *udu{n)) dn(/i). 

It remains to choose v = — /u in order to get 



1 d_ 
4dt 



£{^t{^)) = - f {w*vfm{^) + (f w*v<m{n)\ <o. 



Therefore, for all c > 0, the sets {/x; £{^) < c} are positively invariant. As they are (weakly) compact, 
the semiflow cannot explode. □ 

4.3. An important set. We introduce here a crucial object for the analysis of the dynamical system 
Let 

(4.6) Im(n) :={n(/x);^GP(]R'^;y)}, 

and denote its convex hull by Im(n). 
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Proposition 4.5. Im(n) is a positively invariant set for the semiflow which contains every nega- 
tively invariant bounded subset o/'P(M'^;y). 



Proof. To prove the result, it is enough to show for every ^ E V{M ; V) and every t > the inequality 

(4.7) dv (<i>t(/x),Mn)) < e-'dv (^,Mn)) , 

where di/(^,X) := inf{|l/i — z^||y;z^ € X}. But this inequality directly results from the Jensen 
inequality applied to the convex combination = e~*// + e~* Jq e*n($s(/^)) ds and to the convex 

map I— > dy(/i, Im(n)). □ 

4.4. Fixed points of 11. We show how the free energy functional (|3.7I) can help to find the fixed 
points of n. 

Proposition 4.6. Suppose that W is symmetric. Then the fixed points ofH are the minima of T . 

Proof. Equation (14. 5|) readily implies that, we have DT{fi) • = for all G A4o{M.'^; V) if and only if 
fi = n(/x). So, the fixed points of 11 are the critical points of J^. Moreover, ^ is a convex functional. 
Indeed, it is a functional (on the set of absolutely continuous measures), with second differential 
D^Tifj.). Let i/i,z^2 G ^(M^;^). We have: 

D'^Tifj.) ■ {iyi,U2) = ui{x)u2ix)lJ.ixy^-f{x)dx + / W{x,y)ui{dx)u2{dy) 



and the convexity is a consequence of the nonnegativity of W. It then implies that n = is a 

minimum for J-. □ 

Lemma 4.7. Whenever that W is either symmetric or bounded in the second variable, then the set of 
the fixed points ofH, {/u G P(M°'); n(/Li) = is a nonempty compact (for the weak topology) subset 



Proof. Suppose first that W is symmetric. We will again use the free energy. Let m := mi{8{fi); ^ G 
■p(M'^;F)}. There exists a sequence of probability measures (/i„) absolutely continuous with respect 
to the Lebesgue measure such that m < £{^n) < m + 1/n. But, as proved in Proposition 14.41 for 
any c > 0, the set {fi;£{fj,) < c} is compact. So, we extract a subsequence (Hn^), converging (for the 
weak topology) to /ioo- As /i i— > * /i and /i i— > n(/i) are two continuous functions, fi i— > £{fj.) is also 
weakly continuous and so £{fioo) = m. We conclude by Proposition 14.61 

Suppose now that W is bounded in y: W{x,y) < kV{x). We have proved in Lemma [44] that n(/i) 
maps (weakly) continuously the compact convex space Vc{^'^;V) into itself. The Leray-Schauder 
fixed point theorem then ensures that the set {/U G V{W^; V);Il{n) = /x} is nonempty. □ 

5. Study of the family of semigroups (P/*,* > 0,/x g Vi3{M.'^;V)) 

In this section, we introduce two crucial functional inequalities for the family of semigroups Pj^: 
the spectral gap and the ultracontractivity. Since we consider these semigroups altogether for all the 
measures /i G P^(M'^; V), we will prove that the constants involved in those properties are uniform in 
//. The notion of ultracontractivity and its relation to the analysis of Markov semigroups were first 
studied by Davies and Simon and recently by Rockner & Wang [19] for more general diffusions. 
The need for ultracontractivity will impose some kind of boundedness on the convolution term in the 
SDE that cannot be easily removed. Finally, thanks to these properties, we compute several estimates 
that prepare the proof of Section 6. 

For any fi G P(M'^; V), let as usual L^(n(;^)) denote the Lebesgue space of Borel square-integrable 
functions with respect to the measure n(/u). We remark that the space depends on fi, but we will 
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consider mainly the subspace C (M ; V) C L (n(/x)). We denote 



the inner product on this space and ||.||2,/i the associated norm. We introduce two operators : is 
the "inverse" of A^, defined for any function / by 

(5.1) Q^/:= / (P,'^/-n(/.)/)dt 

JO 

and JC^ is the orthogonal projector defined by 

(5.2) K^f :=f- n(^)/. 

They are linked together by the following relation V/ € C°°(M'^; V), 

A^oQ^{f) = Q^oA^{f) = -K^f. 

Remark 5.1. The integrability of (Pj^f — n(/x)/) will come from the uniform spectral gap obtained 
in Corollary \3. 51 

5.1. Uniform ultracontractivity. To prove that the family of semigroups {Pt ,t > 0, /i € VpiW^; V)) 
is uniformly ultracontr active, we will rely on the following result of Rockner & Wang: 

Lemma 5.2. ('[IQj corollary 2.5) Let {Pt,t > 0) be a Markov semigroup, with infinitesimal generator 
A := ^A- (VC/,V), and V^U > -K. A ssume that there exists a continuous increasing map x '■ 
M+ M+ \ {0} such that 

(1) lim 2^ = oo, 

(2) the mapping Qxif) ■= rximlogr) is convex on [1, oo) for any m > 0, 

(3) <b- xilxl"^) for some b> 0. 

Then Pt has a unique invariant probability measure. If rximlogr) ^ m > 0, then Pt is 
ultracontractive. 

If moreover x{r) = X^^ ? 'with x > 0, (5 > 1, then there exists c = c{b,x) > such that for all 
t G (0, 1], \\Pt\\2^oc < exp (^-5/(^-1)). 

Proposition [3T4l . The family of semigroups {Pt ,t > 0, fi £ Vi3{M.'^;V)) is uniformly ultracontractive: 
we have for all I > t > and fi £ ^/^(M'^; V) 

(o.3) ||Pf||2^oo:= sup -— <exp ct >], 

f&C°°(Rd-v)\{o} ||/||2,/i ^ ^ 

where c> is independent from fi. 

Proof. We apply Lemma [52] with U := V + W * fj, and find that each {Pf^)t>o is ultracontractive. 
Indeed, the conditions (II. 7|) and the growth condition on V, all together imply that there exist a, 6 > 
such that for /i G PfsiR"^; V) 

^^|x|2 = d- 2{VW * /i(x), x) - 2{VV{x),x) <b- a\x\'^^ . 

As we let x{r) ■= r^ , with 5 > 1, we find that the constant c is uniform in /i. Thus, we have the 
uniform ultracontractivity. □ 

We recall that, as a consequence of Proposition 13.41 there exists C > 0, uniform in //, such that 

yt > 0, 

\\Pt{K,f)\\2,, \\K,f\\2,,. 

We are now able to derive some usefull bounds on the operator Qfj^. 
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Proposition 5.3. For all e > Q, there exists a positive constant K{e) such that for all /i G VjsiW^; V), 

(5.4) \Q^f{x)\<{eV{x)+K{emf\\v. 
Proof. Let to E (0, 1] (we will choose it precisely later). We have: 

roo rt() roo 

\Q,f{x)\< / \Pt{KJ){x)\dt= / \Pl'iK^f)ix)\dt+ / |Pf(E:^/)(x)|dt. 
Jo Jo Jto 

We begin to work with the second right-hand term. By use of the uniform ultracontractivity and the 
uniform spectral gap, we have 

/■OO f'OO 

/ \Pt{K,f){x)\dt = / \Pi:^Pt{K,f){x)\dt, 

Jto Jo 

\PnK,f){x)\dt < exp (cto '/('-^)) e-*/^Mt||K^/||2,^. 
As Kfj_ is an orthogonal projector, \\Kf^f\\2,^i < ||/||2,m < (/ ^^dn(^)) ^''^ and we get 

\PtiK,f)ix)\dt < Ciexp [ct^'^^'-'^) (I VdUif,) 

We now have to work with the first right-hand term. We have with the naive estimate (12. 8|) : 

iPt'fix)] < WfWvPt'Vix) < ||/||v^E^^(Xf) < £,{x)e'>'\\f\\v. 
Since £^{x) < 3k/3F(x), we finally find 

r \PtK^f{x)\dt < 4kP r e^*dt||/||yy(x). 
JO Jo 

Now we choose to small enough such that 4k/3 Jg" e^*dt < e to conclude. □ 



1/2 

ll/l|y- 



Proposition 5.4. For a// e > 0, ttere exists Ki{e) > suc/i that for all fi G V/sO^ , V),x G M"*, / G 
C°°(M'^;1/), we have Q^f G Ci(M'^) and.- 

(5.5) |VQ;./(x)| < {eV{x)+Ki{e))\\f\\v. 

Proof. Suppose that / is smooth. We introduce two operators: the 'carre du champ" r(/) = [V/p 
and r^(/) = \ f\^ + {V f ,V'^{V + W * f) . As we have the curvature condition JLT]), we get (for 
the curvature M G M) r2(/) > MT{f). The r2-criterion implies the following (see Ledoux [13] p22), 
V/ G C^{W^]V), Vt > 

(5.6) \yPt{K,f)\^ < ^^^\PtiK,fn 
Indeed, one can show that 



y \VPt{K,f){x)\dt < ^^^M^T^I I [PtoiPnK,f))Hxr' dt 

< C{to)\\f\\v (^J V^dUi^)^ 



where C(to) = 2Ci J- 

,iAitQ_i 6xp {ctg V^}- Finally, similarly to Proposition |2j2J one proves that 
E^V\X^) < £l{x)e^^' < {?,K[5fV\x)e^^K 



□ 
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5.2. Regularity with respect to the measure fi. First, consider the Banach space B of bounded 
hnear operators from C°°{M.'^;V) C L'^i'j), endowed with the norm ||/||2.;j,i := H/lb./j + ||^/i/li2./i, to 
the same space equipped with the standard quadratic norm. We endow B with the operator norm. 
Then, Af^ obviously belongs to the closed subset of B consisting in operators A such that Al = 0. 
This allows us to state and prove the following: 

Proposition 5.5. The mappings ^ i-^ A^ and fi t-^ are C°° . For any function f G C°°(M.'^;V) , 
the application fi i-^ Q^f is C°° for the strong topology and we have for the differentials (for any 

D{A4)-v = -(Vl^*i.,V/); 
D{KJ)-u = -{DU{f^)■u){f); 

D{Q^,f)-y = {DU{fi).u){Q^f) + Q^{VW*u,VQi,f). 

Proof. We already know that fj, W * /j, and 11 are C°° ; so there is nothing to prove in case of A/j, or 
K/^. To look at Q^, we need to consider the resolvent operator of P/^: 



(5.7) R 



roo 

:= / e-^^Pl'dt = {X- Ai,)-\\/X> 0. 
Jo 

For A > 0, we define the following approximation of Qfj, 

/•oo 

(5.8) Q^(A) := / e-^*Pf K^di = K^{X- A^)-\ 

Jo 

As jj, i-^ and fi ^ A^ are C°°, we find by composition that the map n ^ R'^f is C°°. 

Now let /? > 1 and consider the measures in Vi3(R'^; V). The uniform spectral gap shows that there 
exist C, Ci > such that we have 

roo poo 

IIQm/ - Qf^WfWv < / dt{l - e-^'Wt'K^fWv < XCWfWv / te-'^^dt. 

Jo Jo 

Hence the convergence of (5^(A) towards Q// is uniform with respect to fi on T'/3{^'^;V). As a by- 
product, II I— > Q^/ is continuous. 

We have the following differential: 

DQ^{X)-i^ = {DK^-u){X-A^)-^ + K^{X-A^)-\DA^-u){X-A^)-^ 

= (DUin) ■ v){X - A^r^ + K^{X - A^)-\VW * v, V)(A - A^)-\ 

We will prove that each right side term of the preceding equality converges uniformly. For the first 
term, we have for all / e C°°(R''; V): 

{DYl{ii) ■ v){{X - A^r^f) = (Dn(M) • u) {K^{X - A^r'f) 

and therefore 

Urn {DUifi) ■ u){{X - A^)-')f = {DUiii) • u) {Q^f) 

A — *U-T~ 

where the convergence is uniform in /x. It remains to prove the convergence of the second term. We 
have 

K^{X - A^)-\VW * u, V)((A - A^r'f) = Q^^WiVW * u, VQ^(A)/). 
If we manage to prove that VQ/i(A)/ converges (uniformly in ji) to VQ^f , then we are done. We 
have by definition of Q^{X): 



and therefore 



roo 

Jo 

POD 

|VQ^/ - VQ^(A)/| < / iViPtK^fm - e-^')dt. 
Jo 
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We use inequality (|5.6p to prove that this family of differentials converges uniformly with respect to 
//; so )U 1-^ Q^f is actually with the differential given in the statement of the proposition. □ 

Remark 5.6. Looking at the differential D{Qfj_f), we see that it is itself a function of fi, so by 
induction it can be proved that /i i— > Q^f is C°°. We could have also proved that ^ i— f is C°°. But 
these results will not be needed in the remainder. 



Corollary 5.7. For every f € C°°(M. ;V), we have the uniform inequality 

\{DQ^ . u){f){x)\ < (eVix)^ + K2{emf\\vM\v- 

Proof. We have the following: 

\iDQ^-u){f){x)\ < \{DU{fi)-u){Q^f)\ + \Q^{VW*u{x),VQf,f{x))\. 

We will treat each of the two terms on the right side separately. If we consider the second right hand 
term, we find 

\Q,,{VW*iy{x),VQ^f{x))\ < {eV\x)+K{e))\\{VW*u,VQ^f)\\v2 

< {eV\x) + K{emVW * | v| I VQ^/| |y 

< ieV\x)+K'ie))My\\f\\y. 

We work now with the other member of the inequality. 

\{DUi^i)-u){Q^f)\ < 2 J \Q^f{x)\ W*u{x)- J W*udU{^) n(^)(dx) 

< ^^II/IIvIIj^IIv j {eV{x) + K{e)){V{x) + l)n(A*)(dx) 

< C"||/||y||l.||y. 

Putting the pieces together, we are done. □ 

6. Behavior of the occupation measure 

6.1. Tightness of (/U(,f > 0). Thanks to the potential V, we manage to obtain the weaker form of 
compactness of the occupation measure: tightness. 

Proposition 13.31 . Letx,r,^ be given. Then there exists [3 > 1 such thatW^^r.^i—a-s. /^t G Vp(^'^]V) 
for all t large enough. 

Proof. We set (j){t) := fQV{Xs)ds. All we need to prove is that P^^,.^^— a.s. 4>{t) = 0{t). We use 
again the Lyapunov functional = V{x) +W* ti{x). We have already shown: 

Jo Jo 



+ I- f A£^^{X,)ds+ [\w(Xs,Xs)-W*fis{X^ 
^ Jo Jo 



The strong law of large numbers (for martingales) implies that a.s. for t large enough we will have 
Jq* (Vf"^^ (Xs), di?s) < \ Jq \V£f^^{Xs)f ds, and therefore we get the a.s. inequality for t large enough: 

/ \V£f,^{Xs)\^ds<2£f,{x)+ [ A£^^{Xs)ds + - [ W{Xs,Xs)ds. 
Jo Jo ^ Jo 

Now we want to find an integral inequality on (p. To this aim, we will control separately each of the 
three terms of the last inequality and let appear. 
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i) From the growth assumption on V, for any e > we can find > such that V < + e\W 
thus by means of an integration we get a.s. 



<k,t + e [ \V£f,^{Xs)\^ds. 
Jo 



ii) From the domination condition (11.61) on W, we have AW * iJ,{x) < k{V{x) + n{V)); the growth 
condition (II. Sp on V ensures the inequahty AV < aV for some a > 0; therefore we get a.s. 



r + s 

iii) The domination condition (|1.6p leads also to 

W{X„X,)<2KViXs). 

Putting all the pieces together, we find the following inequality (denoting by Ci a deterministic 
positive constant) for t large enough 

Hi) <ket + e ({a + 2K)4){t) + k [ -^(/>(s) + Cit + —(t){t)] . 

V Jo r + s r ) 

Now we choose e small enough such that e (a + k(2 + ^)) < 1 and so, we have: 

Jo r + s 

with C[ another positive constants. Finally, thanks to Gronwall's lemma, there exists a positive 
deterministic constant (3 such that < fit for t large enough as required (because C2 < 1). □ 



Proposition 6.1. Let (3 > 1 such that fit S 'PpO^ ,y) for t large enough. For all n G N, we have 
that Kx^r,fM{y"'{Xt)) is bounded. 

Proof. We drop the subscripts x, r, /i in the following. We will prove the result for the Lyapunov 
function £^{x) instead of V. Let n = 1. We apply the Ito formula to {s,x) 1— > S^^{x): 



dS^^X,) = {V£^^iX,),dBs)-\V£^,^iXsWds+-A£^^{Xs)ds 



2 

+ {W{Xs,Xs)-W*i,s{Xs)) 



r + s 

The condition (II. 7p on V + W * fj, (uniform in fi) leads to (for t large enough): 

Va > 0, 3K^ = K{a,l3, V); £^,{Xt) < a\V£^,{Xt)\^ + K^. 

From the domination condition p.6p on W and the growth condition on V, there exists a > such 
that A£ij^^{Xt) < af^j(Xt). These bounds lead, for alH > s large enough, to 

E£^, {Xt) < E£^^ (Xs) + ^J' (Ka - Ef^^ (XJ) '^^ + ^ (X„)dn 

+ K f KV{Xu){r + u)-'^du. 

J s 

Now, we can choose a such that 1/a — a = 2a and we recall that V{Xt) = 0{t). Therefore the 
preceding inequality becomes with M = M{(3, V) 



K£^, (Xt) < E£^^ {Xs)-a E^^,„ {Xu)du + M{t - s) 
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We divide both sides hy t — s and let s t. Let x{t) := K8fJ_^{Xt). Solving the preceding inequality 
boil down to solve x < M — ax. The solution satisfies x{t) < (^x{0) + M e"*ds^ e~"* and we finally 
obtain: 

M, 
a 

We conclude the general case n > 1 by induction. □ 
6.2. Asymptotic behavior. We define the family of measures {et^t+s]t > 0, s > 0} by 

rt+s 

(6-1) et,t+s-=J^ -n(/i;,(„)))dn. 

This family will play an important role: it will be essential for proving that 1 1— > Hh(t) is an asymptotic 
pseudotrajectory for 

Proposition 6.2. i) Let t be large enough. For all f G C°°{M.'^;V) and every T > there exists a 
positive constant K = KiV, W, x) such that for all 5 > 

P,,,,^ ( sup \et,t+sf\ >d] < K5-^e-'\\f\\l. 

\0<s<T J 

ii) For allT>0 and all f G C°°(M'^; V), we have F^^r,^,-a.s. 

lim sup \et,t+sf\ = 0. 

t^oo o<s<T 

Proof, i) We need the uniform estimates on the family of semigroups (Pf^) proved in Section 5. Let 
/ G C°°(M'*; V). We begin to rewrite 



£t,t+sf — 

Jh 



h(t+s) 

h{t) r + u 



We consider the C^-valued process {t,x) i-^ Q^^^^^^fix), which is of class and a C^-semimartingale. 
Indeed it is easy to see that t is a.s. a bounded variation process with values in M.{W^] V). 

Since Proposition 15.41 shows that /x i-^ Q^f is also C^, the claim follows by composition. So, we apply 
the generalized Ito formula to {t,x) ^ h{t)~^Qjj,^^^^f{x) and decompose et,£+s in four parts (and we 
will control each term separately): 

f _ ^(1) f , p{2) f , ^(3) f , ^(4) . 



with 



-(1) 



where m/ is the local martingale m/ := /g VQ/,„/(X„)^. 

We recall the estimates of Propositions [53 and [531 Ve > 0, / G C°°(M"';y), 

|Q^,(,)/(X,(,))| < \\f\\v{eV{X^(^)+K{e)) 
|VQ^,(^,/(X,(,))| < \\f\\v{eV{X^^t))+K^{e)). 



h(t) 
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We also remind that y(Xs)ds = 0{t) and V{Xt) = 0{t) a.s. Now, we are able to control each 
part of Et^t+s and find for all e > and t large enough: 

|4VjI < Kt)-\\Q,,,,^J{XHit+s))\ + \Q,,,,J{Xuit))\) 

< h{t)-^\\f\\v{e{V{X^(t+,^ + + 2K{e)) 



fh{t+s) C2 II fill/ /■^(*+'') 



so sup |4/+>j/| < Cih{t) ^||/||y a.s.; and similarly 

o<s<r ' 



so that sup leS^tVs/l ^ ^2/i(t)"^ ||/||y a.s. 

0<s<T ' 

For the third part of et^t+s-, we will use Markov's inequality and the bound on the differential of 
given in Corollary 15.71 



sup \efj^J\>5\ < E|(Dg^„.A.)(/)(Xj 

\0<s<T J Jh{i) 



,9 du 
r + u 



< ^II/IIW e(f6(x„))^^. 
0^ J hit) {r + uy^ 

Recall, that we have proved that for all e > 0, n € N and t large enough, we obtain E[y"(Xt)] = o(t^). 
Then, there exists some (uniform) constant C3 such that 

p( sup |egUl>'^| <%it)-Wv. 

Since the quadratic variation of M^^^^^^ — -^/(j) is bounded by the quantity ||/||y fl^l^^^'^\eV{Xu) + 



Ki{e)Y ) Burkholder-Davis-Gundy's inequality implies directly 



(6.2) F,,r,, ( sup |4y+J| ><5) < ^h{trWv 



,se[o,T] 



ii) Let T > and / G C°^(M'^; V). We just need to prove that 

lim sup |45+s/l = lim sup \e[%J\ = 0. 

0<s<T 0<s<T 

We will use Borel-Cantelli's lemma. First, for all e > 0, we have by Doob's inequality added to 
Burkholder-Davis-Gundy's inequality that 



■ x,r,fi 



sup sup |elJVs/l>^ <5ll/lly sup {e + h{t)-^). 

n<t<n+lse[0,T] J ^ n<t<n+l 



As it is true for all e > 0, we deduce from the preceding inequality that 

Pw( sup ^ ^sup^|egVj|><^) <^\\ffvh{n)-\ 



n<t<n+l 0<s<T 



As we know that J2n ^{^) ^ converges, we conclude by Borel-Cantelli's lemma that a.s. 

lim sup sup \efLj'\ = 0. 

^^^n<t<n+l 0<s<T 

(3) 

The same argument for |ej/^^/| permits to conclude. □ 
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Lemma 6.3. (^) If for all T > 0, all f £ C°°(R'^; V), we have 

lim sup \et,t+sf\ = Oa.s., 

i^ooo<s<T 

then the time-changed process, given by M+ ^(M^; V), t i— > fi^^ is a.s. an asymptotic pseudotra- 
jectory for ^ (for the weak topology of measures). 

Proof. We recall that the family > 0) is a.s. tight and by Prokhorov's theorem, as we work 

in a Polish space, it is equivalent to the relative compactness of > 0). Let C(R,V{M.'^;V)) be 
the space of continuous paths i/ : M ^ 'P(R'^;y) equipped with the weak topology. Let 6 be the 
translation flow d : C{R, V{R'^; V))xR^ C(M, ViR"^; V)); 9t{v){s) = v{t + s) and l> be the mapping 
!> : C{R,V{W^]V)) C{R,V{W^;V))]^{v){t) = $t(z/(0)). Benaim [2] (theorem 3.2) asserts that a 
continuous map v : M+ — > V(W^; V) is an asymptotic pseudotrajectory for the semiflow $ if and only 
if u is uniformly continuous (for the weak topology) and every limit point of {6t{y)\t > 0} is a fixed 
point for We begin to prove that ^ih(t) is uniformly continuous for the weak topology. We have by 
definition of fit that 

j-t+s 

\lJ'h{t+s)f - f^h{t)f \ < {\f^h{u)f \ + \f{Xh{u))\) du. 

As /q* V{Xu)du = 0{t) a.s., this enables us to show that for all t large enough 

(6.3) W{t+s)f - I^h[t)f\<Ws\\f\\v. 

We put these estimates in equation (I2.16P and the uniform continuity follows. 
Let If : C^{R,V{W^]V)) C70(M, A^(M^; y)) be the mapping defined by 

lF{i^){t) :=K0)+ f F{u{s))ds 
Jo 

where F is the vector field F{fj.) = n(/u) — fi. Then, by definition of 

^t{lJ-h{-)) = lF{Ot{lJ-h{-))) + 
Thus, by relative compactness of {fJ-h{t)jt > 0) and continuity of Ip, we find that limt^oo = 
in C^(R, M.(R'^;V)) if and only if every limit point rj of {Ot{fJ.h{ ))) satisfies rj = Ipiv)^ that is r/ = 
6(t/). □ 

Theorem 13.61 . ¥x■r,^l-0'■s., the function t i— > is an asymptotic pseudotrajectory for ^. 

Proof. It suffices to combine Proposition 16.21 with Lemma ED □ 

6.3. Back to the dynamical system: a global attractor for the semiflow. We have defined 
in Section 4 the smooth dynamical system with respect to the strong topology. But, in order to 
study the asymptotic behavior of {fit,t > 0), it will prove technically easier to work with the weak 
topology. Indeed, a good candidate to be an attractor of the semiflow is the w-limit set of (/it) for 
the weak topology 

(6.4) io{iJt,t>0) ■.= (~]{fis;s>t} 

t>o 

which is (a.s.) weakly compact, since it is contained in Vp{W^;V) a.s. Therefore, we will regard for 
now on the semiflow $ with the weak topology: 

Proposition 6.4. ^ : M4- x7-'(M''; V) induces a continuous semiflow with respect to the weak topology. 

Proof. Since /i 1— > * fi{x) is readily weakly continuous (see the domination condition again), we see 
that n is weakly continuous. Now, going back to the Picard approximation scheme of Section 4, it 

(n) 

results that ji^ is weakly continuous for every n and t. Passing to the limit, we are done. □ 
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Now we need to recall a short list of important definitions coming from the theory of dynamical 
systems. 

Definition 6.5. a) A subset A ofV{R'^;V) is an attracting set (respectively attractor) for $ provided: 

(1) A is nonempty, compact for the weak topology and positively invariant, (respectively invariant) 
and 

(2) A has a neighborhood N C V{W^;V) such that d{'^t{^^), A) as t —>■ +00 uniformly in 

b) The basin of attraction of an attractor K C A for ^\A = {^t\A)t is the positively invariant open 
set (in A) comprising all points whose orbits asymptotically are in K. That is 

B{K, <^\A) := {fi G A; lim d{Mf^),K) = 0}. 

£^00 

c) A global attracting set (respectively global attractor) is an attracting set (respectively attractor) 
whose basin is the whole space V{M.'^;V). 

d) Let A be a positively invariant set for An attractor for ^\A is proper if it is different from 

A. 

e) An attractor-free set is a nonempty compact invariant set A such that $|A has no proper attrac- 
tor. 

Our aim is now to describe the limit set of lit and find a global attracting set for <1>. The natural 
candidate is the limit set uj{iJ-t,t > 0). First, we describe dynamically the limit set of fit- 

Theorem 6.6. The limit set of {fJ-t,t > 0} is W'x^r,ti~(il'rriost surely an attractor-free set of 

Proof. It results from Theorem 13.61 and [3]. □ 



Corollary 6.7. F^rni hm \Xt\ = +00 = 1. 

Proof. Let A be a open subset of such that j{A) > 0. Since the measure 7 is diffusive, we have that 

for all v E Im(n) nui{fit, t > 0), there exist m, M > (depending on (3 only) such that < 1^ < Mj. 
Now, if we consider a sequence (t't^, n > 0) in V{'P{M.'^; V)), the limits of its convergent subsequences 

will belong to Im(n) nu){fit,t > 0), because uj{fJ-t,t > 0) is a.s. an attractor-free set of $. Thus, there 
exists a subsequence (t'tn^) such that ff„^ converges almost surely to u for the weak topology. For 
any smooth function (f compactly supported, we have that 

If we consider f such that it equals 1 on ^4 and out of a set B containing A, we find that i^if) > 
u{A) > 0. Thus 

I'iB) > limsup z^t((/9) > liminf > i'{A) > m'y{A). 

So, it implies that /q" 6xs {A)ds is asymptotically equivalent to tnmj{A), which in turn gives {A)ds 
00 a.s. Then, for all constant K > 0, /q°°(5x,(M'^ \ BK)ds = 00 a.s., where Bk is the closed ball of 
radius K. Finally 



x,r,ti 



00 



□ 

Second, we look at the (nonempty) set Im(n) n uj{iJ.t,t > 0). 
Theorem 6.8. Im(n) riLu(fit,t > 0) is a.s. a global attracting set for 
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Proof. We begin to notice that Im(n) n uj{fit,t > 0) is a.s. compact for the weak topology and 
Im(n) f^u){(j,t,t > 0) is positively invariant by definition. For all /i G i^{fJ-t,t > 0), we assert that 

d($f(/i), Im(n) r\oj{^t,t > 0)) converges to uniformly in //. Indeed, recall that uj{f^t,t > 0) is 
an attractor free set for so for all s > 0, € > 0). As we also already know that 

limd($t(/i), Im(n)) = 0, uniformly in /i, the assertion is proved. □ 

Lemma 6.9. uj{fj,t,t > 0) is a.s. a subset o/Im(n). 

Proof. As fih{t) is an asymptotic pseudotrajectory for the semiflow, which implies that u;(/U(,t > 0) is 
attractor free, we have by Theorem 16.81 that oo{iit,t > 0) is the only attractor of ^ restricted to this 
set. Therefore, Im(n) r\uj{^f,t > 0) = w(/it,i > 0). Consequently, u>{fJ,t,t > 0) C Im(n). □ 

When W is symmetric, we can give a better description of uj{fj,t,t > 0). Let begin with the 
following: 

Theorem 6.10. (Tromba [22|y) Let B be a C°° Banach manifold, F a C°° vector field on B and 
£ : B ^M. a C°° function. Assume that: 

(1) D£{fi) =0 if and only if F{^) = 0; 

(2) F~'^{{)) is compact; 

(3) for each fj, G ^"^0), D£{iJ,) is a Fredholm operator. 
Then £{F^^{0)) has an empty interior. 

Proposition 6.11. ([2\, proposition 6.4) Let A be a compact invariant set for a semiflow ^ on a 
metric space E. Assume that there exists a continuous function V : ^ M such that: 

(1) V{^t{x)) < V{x) for X G E\A and t > 0; 

(2) Vi<^tix)) = V(x) /or X € A and t > 0. 

If V has an empty interior, then every attractor-free set A for ^ is contained in A. Furthermore, V 
restricted to A is constant. 

Theorem 13.81 . Suppose that W is symmetric. Then the limit set Lo{fit,t ^ 0) is ¥x^r,fi-(i'.s. a compact 
connected subset of the fixed points ofH. 

Proof. We work only with absolutely continuous probability measures. We want to use Proposition 
16.111 with the Lyapunov function £ (the free energy composed with 11), which satisfies the required 
condition. Lemma [4771 asserts that the fixed points of 11 form a nonempty compact subset of V{M.'^] V). 
Let F{fi) := Il{fJ.) — ij-. We already know that F^^(O) is compact for the weak topology. Therefore, 
we only need to show that £{F~^{0)) has an empty interior. Let // G F~^(0) and prove that DF{fj,) 
is a Fredholm operator. Let u G ■P/3(M'^; V). Thanks to Lemma [2m there exists a constant C{P) such 
that \\DF{ii)-i^\\v < C{/3)\\u\\v. So, the set {DF{fi)-u; < 1} is bounded. For x,y £ M'^, we get 

\DF{fi)-u{x)-DF{^)-u{y)\ < 2\W * u{x)U{fx){x) - W * u(y)U{fi){y)\ 

+ 2lw* z.dn(i.)|(n(/x)(x) - n{fi){y))\ 

< M{\x -ylWuWv + \n{x) - fi{y)\ 

+ \V{x) - V{y)\ + \\W{y, •) - W{x, ■)\\vM\v) 

So, the map DF{fj,) ■ u {\\i^\\v < 1) is equicontinuous and by Ascoli's theorem, we conclude that the 
preceding set is relatively compact in C'^(M'^; V) and thus the operator DF{fi) is compact. Moreover, 
this operator is self-adjoint. It follows from the spectral theory of compact self-adjoint operators that 
DF has at most countably many real eigenvalues; the set of nonzero eigenvalues is either finite or can 
be ordered as |Ai| > IA2I > . . . > with lim Xn = 0. Therefore, we apply the result of Tromba and 

n— >oo 

£{F~^{0)) has an empty interior. We conclude thanks to Proposition 16.111 □ 
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7. Illustration in dimension d = 2 

When W is not symmetric, it can happen that there exists no Lyapunov function and that the 
hmit set uj{nt,t > 0) is a non trivial orbit. Suppose for instance that (for d = 2) W{x,y) = {x,Ry) 
where i? is a rotation matrix, y is a polynomial V{x) = V{\x\) := a|x|^ + + 1. Note, that the 
probability measure 7(dx) = e~'^^^^^dx/Z is invariant by rotation. Then, one expects, depending on 
R and V, that either the unique invariant set for the semiflow is {7} and so /j^t converges a.s. to 7; or 
fit converges a.s. to a random measure, related to the critical points of the free energy; or ui{nt, t > 0) 
is a periodic orbit related to 7. Remark that, equivalently considering W{x,y) + + \y\'^/b) or 

W, we satisfy the set of conditions (H). We denote p := (1,0)"^. 

Lemma 7.1. (|4j, lemma 4-6) For all continuous (/? : M ^ M, for all y € we have 
['P{{x,y)) - 'P{{x,p))]l{dx) = / ip{{x,y)){x - {x,y)y)-f{dx) =0. 



Proof. For all y G S^, there exists g G 0(2) such that y = gp. The first equality follows from a 
change of variable in the integral (because V{x) = V{\x\)). After, define (p{y) := Jj^2 '■p{{x,y)){x — 
{x,y)y)^{dx). We clearly have {(j){y),y) = and the rotation-invariance of 7 implies for the antisym- 
metry matrix h, (j){p) = h(j){p). So, 0(p) = and thus (j){y) =0. □ 

For any probability measure fi G T'{E?]V), define the mean of /i by /i := J^2 xfi{dx). Let the 
probability measure 

-2{x,Rp.) 

(7.1) n(/2)(dx) := 7(dx). 

Here, n(/2) = n(/x). If we let n(/i) := J^2 xl[{fi){dx), then ^t(^) is readily the semiflow corresponding 
to 

(7.2) $t(/x) = e-*/2 + e-* / e^n(l>,(^))ds, l>o(^) = fl. 

Jo 

Lemma 7.2. Let m = pv with p > and v £ . Then we get 

[ xIl{m){dx) = --^log( [ e-2''(^''')7(dx)V^- 
Jr2 2d^ \Jk2 J 

Proof. One just has to differentiate the function a 1— log [J^2 e~^°*^^'''''*7(dx)) and use the second 
equality of Lemma 17.11 □ 

Let m = pv he the solution to the ODE rh = n(m) — m, with p = \m \ andv eS\ Then we have 
by Lemma 17.21 that v = 0. Moreover, if we let a = 2p, then a satisfies the one-dimensional ODE 

(7.3) d = J{a) = -a + 2dalog ( [ e-''^^'^P^{dx 
Let us define some useful functions expressed in polar coordinates: 

foo /•2tt 



POO pZn 

H{a) := / dp-f{p) / dt;e-"^=°'^^ 
JO Jo 

H{a) := / dp7(p)p^ / dusin^fe 
Jo Jo 
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7.1. The case R = —Id. Here, is a symmetric function. Expressing the problem in polar coordi- 
nates, we get J(a) = —a ^1 — 2 

Proposition 7.3. // p'^^{p)dp < 1, then is the unique equilibrium of 117. 3\) and is stable. The 
basin of attraction of is M-|-. 

// /q°° p^7(p)d/9 > 1, then is linearly unstable and there is another stable equilibrium ai, whose 
basin of attraction is M!j_. 

Proof. We remark that J is C°°. A computation yields to 

,(3)rM = ^ H(^\a)H'{a) H"{a) fH'ia)y ,jH'{a)V 

^ ' H{a) H{a) H{a) H{a) \ H{a) ) \ H{a) ) ' 

We wonder for the sign of J^^\ This function corresponds to (twice) the kurtosis of the projection on 
the axis x of a random variable X (expressed in polar coordinates) such that X has the law 7. As the 
graph of the symmetric part of the density function cuts exactly twice the graph of the corresponding 
Gaussian variable (with the same mean and variance), the kurtosis of X is negative, or more exactly 
j(3)(a) < for a > and j(3)(0) = 0. So, for all a > 0, we have J" {a) < J"(0) = 0. Similarly, we 
find 

f'OO 

J'(a)< J'(0) = -1+ / dpjip)p^ 



Therefore, if J'(0) < 0, then J is a decreasing function and as J(0) = 0, the first result follows. Else 
J'(0) > 0. But J' is a non-increasing function and lim J'(a) = —1. So, because of the continuity 

a— >oo 

of J', there exists uq > such that J'(ao) = 0- Moreover, we have lim J{a) = —00. Finally, there 

a— >oo 

exists a positive solution to J{a) = if and only if dpj{p)p'^ > 1. In that case, the point is 
unstable and there exists an other equilibrium, which is stable. □ 

Remark 7.4. The function t 1— Jq^ e~^^°^^dv is the Bessel function Io{t). 

The next result shows that we can reduce the problem in studying the dynamical system satisfied 
by p. and then deduce results on p. 

Lemma 7.5. (^j proposition 3.9, corollary 3.10) 1) Let L C VjsiW^^V) be an attractor-free set for 
^ and Ac Vp{W^; V) an attractor for // L n B{A) / CQ, then L C A. 

2) Let [E, d) be a metric space, ^ : E xM. ^ E a semiflow on E and G : VpiW^; V) ^ E a continuous 
function. Assume that G o = o G. Then almost surely G{uj{pt,t ^ 0)) is an attractor-free set of 

We can now state and prove the following 

Theorem 7.6. Consider the self-interacting diffusion on associated with W{x,y) = —{x,y). Then 
we have two different cases: 

(1) U f^dpj{p)p'^ < 1, then a.s. pt ^ i; 

(2) // dp^{p)p^ > 1, then there exists a random variable v € such that a.s. pt ^ p^ with 

fJ-loidx) = — - — 7(dx), 
^1 

where Z\ is the normalization constant and ai is the unique positive solution to the equation 
J{a) = -a + 2^ = 0. 



^B{A) is the basin of attraction of A 



SOME SELF-INTERACTING DIFFUSIONS ON 25 

Proof. Let G : V/3{R'^;V) mapping defined by G{n) = fl. By Lemma [LH the limit 

set of fit is a.s. an attractor-free set of ^. When dp^{p)p'^ < 1, then is a global attractor for 
the dynamical system generated by l>. Therefore, each attractor-free set of $ reduces to 0. So, a.s. 

fit > and u>{iJ.t,t > 0) C G~^{0). The definitions of n(/i) and J imply that G~^{0) is invariant 

under the action of $ and, as n($t ||^„i^q^ (/i)) = 7, we have 

$|^_i(0)(/i) =e-*(^-7) + 7. 

Therefore, 7 is a global attractor for ^|(5-i(o)- Lemma [731 then implies that each attractor-free set 
reduces to 7. By Theorem 16.61 we conclude that u!{fit,t > 0) = 7. 

Suppose now that is unstable for IT - Id. For all / G C°°{R^; V), it holds 

-^i^h(t)f = -fj-h{t)f + n(/i/t(t))/ + -^£t,t+s\g^Qf- 

If we consider the projection map Pi{x) = Xj, then dtfih(t) = ^ifihit)) ~ fihit)) + Vt where rjt is the 
random vector rjt = ^£t,t+s\g^QiPi, ^2)^- As is an unstable linear equilibrium for 11 — Id, we apply 
the result of Tarres ([21], part 3) to prove that P (limt^oo P-h{t) = O) = 0. Thanks to Theorem 13.61 we 
obtain that lim lim \p.h{t+s) ~ = 0- We remind that 

and we denote by ai the unique positive solution to —a + ~ ^- introduce the invariant 

set (for A := {m = pv; p = ai,v E S^}. As the limit set of is an attractor-free set by 
Lemma [731 the ODE (|7.4p implies that uj{flfi(t)) either reduces to {0}, or is included in A. But as 

P ^^lim P-h{t) ~ ^) ~ 0, the limit set of Ph(t) is a.s. a subset of A. Moreover, as v = 0, we have 
^t\y^ = ^d\^. So, is a Cauchy sequence in A and then there exists G such that 



\fJ-h(t) - "1 



lim \ uh(t-\ — a^v\ = 0. 

G-i(aiD) 



To conclude, we have on one side that the limit set of (pt) is an attractor-free set for $ 
and on the other side, that the semiflow ^\Q-i(^aiv) admits p^ as a global attractor. This leads to 
u;{pt,t>0)=pl,. □ 

(COS sill 
— sm cos I 

with < 6* < 27r. We emphasize that (unless 6* = 0, tt) is not a symmetric function. 

Theorem 7.7. Consider the self-interacting diffusion on associated with W{x,y) = {x,Ry). Then 
one of the following holds: 

(1) IfV is such that dp'j{ p)p'^ cos (0) > —1, then a.s. pt ^ 7; 

(2) IfV is such that dpj{p)p'^ cos{6) < —1, then we get two cases: 

a) if 9 = TT then there exists a random variable v & such that a.s. pt P^oo '^^i^ 



p'^{dx) = ^-^^7(dx), where Z\ is the normalization constant and ai is the unique positi 



ive 



solution to —a + 2-^^^ = 0, 



if then uj{pt,t > 0) = {i'{6),0 <6< 27r} a.s., where i^{5) = ^tI_^ Jq" Poods 

with Tq = 27r(tan 0)^"'^ and p^ is the unique positive solution to —a + 2 cos 9 ^j-^^j = 0. 
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Proof. Let v = gp with g e 0(2) and m = av/2. We remind the equations 

H'(a) , , 2 H'(a) ^, 

a = —a — 2—--——{Rv, v); v = {\Rv, v)v — Rv) . 

H{a) a H[a) 

But, by definition of R and v = (cos o", sin o")^, a simple computation yields to 

{Rv, v)v — Rv 
We finally get after some easy calculations 

(7.5) 



— sm c/ sm a 
sin 6 cos a 



2H'{a) , 

a = -a - cos / 

an (a) 



We recall that ^jj^ > for a > 0. By Proposition [731 we have a bifurcation at cosO ^{<lp)p^ = 1. 
More precisely, if cos 6* ^{dp)p'^ > 1, then the set {(a, a); a = 0} is a global attracting set for 

Equation (17. 5p and so a.s. pt -^—^ 7- If cos -f{dp)p'^ < 1, then {{a,a);a = ai(cos0)} is a global 
attracting set. On this set, the dynamics is given by 

2H'{ai{cos9)) 



■ sin 9 = tan ( 



ai(cos 6)H {ai{cos 9)) 
By Theorem 17.61 we show that there exists a random variable ctq such that a.s. 



(7.6) lim 



t— >oo 



ai(cos9) 
fJ'h{t) ^ v{t tan 6* + fjoj 



0. 



At that point, we know the dynamics on the set A := {(a, a); a = ai(cos 9)}. Unfortunately, we need 
more to conclude: we have to study the coupled system defined on A4{M?; V) x by 

, . ( m = -m +Jl{m); 

^ ' \ = -u + U{m). 

By Lemma [7.51 uj{pt,t > 0) x A is an attr actor-free set for the preceding semiflow restricted to 
f^; V) X R^. The dynamics on uj{pt,t > 0) x is given by 



(7.8) 



a = tan 9; 

v = -u + /(fj) = -V + p, 



v,cos t 
oo 



As the set io{pt,t > 0) x yl is compact (for the weak topology) and invariant in 7^(M^; V) x M^, we 
concude by following the lines of ^ (theorem 4.11). □ 
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